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7KH� JURZLQJ� FRQFHUQ� RYHU� WKH� LP SDFW� RI� WKH� DFFLGHQWDO� VSLOO� LQ� WKH� QHZ� RLO� WUDQVSRUW� URXWHV�
IURP � WKH� ( DVWHUQ� WR� : HVWHUQ� %ODFN� 6HD� LV� D� P RWLYDWLQJ� IDFWRU� IRU� WKH� GHYHORSP HQW� DQG�
LP SOHP HQWDWLRQ�RI�WKH�GHFLVLRQ�VXSSRUW�WRROV�WR�HYDOXDWH�WKH�RLO�VSLOO�UHVSRQVH�VWUDWHJLHV��WR�
SURYLGH� WKH� HQYLURQP HQWDO� LP SDFW� DVVHVVP HQW�� DQG� WR� XVH� LQ� FRQWLQJHQF\ � SODQQLQJ� DQG�
WUDLQLQJ��2 YHU�WKH�SDVW�� � �\ HDUV�D�QXP EHU�RI�P RGHOV�WKDW�GHVFULEH�WKH�IDWH�DQG�WUDQVSRUW�RI�RLO�
VSLOOHG� LQ� ZDWHU� ZHUH� GHYHORSHG� �VHH� VWDWH�RI�DUW� UHYLHZV� >� � � @��� 7KH� WUDQVSRUW� DQG� IDWH� RI�
VSLOOHG�RLO�DUH�JRYHUQHG�E\ �VHW�RI�LQWHUUHODWHG�SURFHVVHV��WKH�DGYHFWLRQ�E\ �ZLQG�DQG�FXUUHQWV��
VXUIDFH� VOLFN� VSUHDGLQJ� GXH� WR� ERWK� WXUEXOHQW� GLIIXVLRQ� DQG� WR� WKH� JUDYLWDWLRQDO� DQG� VXUIDFH�
WHQVLRQ� IRUFHV�� P DVV� WUDQVIHU� DQG� FKDQJHV� LQ� SK\ VLFRFKHP LFDO� SURSHUWLHV� GXH� WR� WKH�
ZHDWKHULQJ�SURFHVVHV��LQWHUDFWLRQ�RI�RLO�ZLWK�VXVSHQGHG�DQG�ERWWRP �VHGLP HQWV�DQG�VKRUHOLQH��
7KH�UHVXOWV�RI�ODERUDWRU\ �DQG�ILHOG�H[ SHULP HQWV�KDYH�DGYDQFHG�XQGHUVWDQGLQJ�RI�RLO�WUDQVSRUW�
DQG� IDWH� SURFHVVHV� DQG� IRUP HG� WKH� EDVLV� IRU� WKH� P RGHO� GHYHORSP HQW�� +RZHYHU�� WKH� P RGHO�
SDUDP HWHUL] DWLRQV� DUH� VWURQJO\ � GHSHQGHQW� RQ� WKH� P DULQH� DQG� DWP RVSKHULF� HQYLURQP HQW�
SDUDP HWHUV�� ,UUHVSHFWLYH� RI� FRP SOH[ LW\ � RI� RLO� VSLOO� P RGHO� WKH� DYDLODELOLW\ � RI� P DULQH� DQG�
DWP RVSKHULF�HQYLURQP HQW�GDWD�FORVH�WR�VSLOO�VLWH�SODFHV�D�VHULRXV�FRQVWUDLQW�RQ�WKH�DFFXUDF\ �
RI� VSLOO� P RGHO� >� @�� ( [ SHULHQFH� RI� P DQ\ � RLO� VSLOO� UHVSRQVH� DFWLRQV� ZRUOGZLGH�� LQFOXGLQJ� WKH�
UHFHQW��3UHVWLJH� �DFFLGHQW��GHP RQVWUDWHV�LP SRUWDQFH�RI�IRUHFDVWV�RI�ZHDWKHU�DQG�VHD�VWDWH�WR�
SUHGLFW� P RYHP HQW� DQG� IDWH� RI� RLO� VSLOO�� 1 RZ�� LQFUHDVLQJ� FRP SXWDWLRQDO� UHVRXUFHV� DOORZ�
FRXSOLQJ�RI�RLO�VSLOO�P RGHOV�WR�P RGHOV�RI�ZHDWKHU��FLUFXODWLRQ�DQG�ZDYH�IRUHFDVW��
7KLV� SDSHU� SUHVHQWV� UHFHQW� GHYHORSP HQW� RI� WKH� P RGHOOLQJ� V\ VWHP � IRU� VLP XODWLRQ� RI� WKH�
DFFLGHQWDO�RLO�VSLOO��7KH�V\ VWHP �LQFOXGHV�� ' �RLO�VSLOO�DQG�IDWH�P RGHO�2 ,/ 72 ; ��FLUFXODWLRQ�DQG�
VHGLP HQW�WUDQVSRUW�P RGHO� 7+5 ( ( 72 ; � DQG�ZDYH� IRUHFDVW�P RGHO� : $9( : $7&+ � ,,,� FRXSOHG�
ZLWK�WKH�ZHDWKHU�IRUHFDVW�P RGHO�0 0 � ��7KLV�SDSHU�LV�RUJDQL] HG�DV�IROORZV��7KH�RLO�VSLOO�P RGHO�
LV�EULHIO\ �GHVFULEHG�LQ�6HFWLRQ�� ��LP SOHP HQWDWLRQ�RI�ZHDWKHU��FLUFXODWLRQ�DQG�ZDYH�IRUHFDVWLQJ�
P RGHO�IRU�WKH�%ODFN�6HD�LV�GHVFULEHG�LQ�6HFWLRQ�� ��6HFWLRQ�� �GHVFULEHV�WKH�P RGHOLQJ�V\ VWHP �
GHVLJQ� DQG� RSWLRQV�� 6HFWLRQ� � � SUHVHQWV� WKH� UHVXOWV� RI� WZR� DSSOLFDWLRQV� RI� P RGHO�� ) XWXUH�
GHYHORSP HQW�RI�P RGHO�DQG�FRQFOXVLRQV�DUH�JLYHQ�LQ�6HFWLRQ�� ��

�
� ��7KH�RLO�VSLOO�P RGHO�
�
2 ,/ 72 ; �LV�D�/ DJUDQJLDQ�P RGHO�IRU�VLP XODWLQJ�RLO�WUDQVSRUW�DQG�IDWH��,W�LV�EHLQJ�GHYHORSHG�E\ �
,0 0 63�DQG�8 &( : 3�WR�VXSSRUW�UHVSRQVH�RQ�RLO�VSLOO�LQ�WKH�%ODFN�DQG�$] RY�VHDV�DQG�ODUJH�
ULYHU� UHVHUYRLUV� LQ� WKH� 8 NUDLQH�� 7KH� P RGHO� GHVFULEHV� WKH� P DLQ� WUDQVSRUW� DQG� ZHDWKHULQJ�



SURFHVVHV� LQ� ILYH� LQWHUDFWLYH� �SKDVHV� �� RLO�RQ�VXUIDFH�� RLO�LQ�ZDWHU�� RLO�RQ�VXVSHQGHG�
VHGLP HQWV��RLO�RQ�ERWWRP �DQG�RLO�DW�VKRUHOLQH���
�
2 LO�RQ�VXUIDFH�SKDVH���
7KH�P RGHO�RI�RLO�RQ�VXUIDFH�GHVFULEHV�WKH�VSUHDGLQJ�GXH�WR�JUDYLW\ �DQG�VXUIDFH�WHQVLRQ�IRUFH��
DGYHFWLRQ�E\ �ZLQG�DQG�VXUIDFH�FXUUHQWV��HYDSRUDWLRQ��RLO�VKRUH�LQWHUDFWLRQ��HQWUDLQP HQW�RI�RLO�
LQ� WKH� ZDWHU� E\ � EUHDNLQJ� ZDYHV� DQG� UHVXUIDFLQJ� HQWUDLQHG� GURSOHWV�� 7KH� RLO� VSLOO� P RGHOV�
P DLQO\ � XVH� FODVVLFDO� VHOI�VLP LODU� VROXWLRQV� IRU� LQVWDQWDQHRXV� UHOHDVH� LQ� WKH� FDOP � VHD� � >� @��
ZKLFK� GR� QRW� GHVFULEH� UHDOLVWLF� YDULDELOLW\ � RI� VOLFN� WKLFNQHVV�� REVHUYHG� QRQ�V\ P P HWULFDO�
VSUHDGLQJ� RI� RLO� VOLFN� FDXVHG� E\ � ZLQG� DQG� FXUUHQWV� DQG� GHSHQGHQFH� RI� VSUHDGLQJ� UDWH� RQ�
UHOHDVH� FRQGLWLRQV� >� @�� +HUH� ZH� XVH� P RGHO� >� @� WKDW� LV� DEOH� UHSURGXFH� WKHVH� IHDWXUHV�� 7KH�
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�LV�WKH�ZDWHU�YHORFLW\ �DW�VXUIDFH��� wr �� wn ���DUH�ZDWHU�GHQVLW\ �DQG�YLVFRVLW\ ��

UHVSHFWLYHO\ �� or �LV�RLO�GHQVLW\ �� ( ) /w o wg g r r r¢= - ��W
JJG

�LV�ZLQG�YHORFLW\ �DW�� � �P �KHLJKW�� 1c �LV�

WKH� VXUIDFH� WHQVLRQ� SDUDP HWHU�� ( )1 0 maxmin , / hc c s= �� 0s � � LV� VXUIDFH� WHQVLRQ� FRHIILFLHQW���

maxh � LV� WKH� P D[ LP DO� WKLFNQHVV� LQ� WKH� VOLFN�� LQ� WKH� WKLQ� VOLFN� constc = �� � 61.75 10aC -= × ��

0.5wC = �� 0.3Cs = ���DUH�FRQVWDQWV�>� @�� L �LV�WKH�OLQHDU�KRUL] RQWDO�VFDOH�LQ�WKH�RLO�ZDWHU�IULFWLRQ�

ODZ�� HÑ �LV�KRUL] RQWDO�RSHUDWRU��7KH�VXUIDFH�RLO�VOLFN�P DVV�LV�FKDQJHG�GXH�WR�IOX[ �LQ�ZDWHU�DQG�

DWP RVSKHUH�
( ) ( ) ( ) ( ) ,h dis res evaQ Q Q Q= - + - � � � � �

ZKHUH�� ( )disQ �LV�P DVV�IOX[ ���FDXVHG�E\ �EUHDNXS�WKH�VXUIDFH�VOLFN�E\ �EUHDNLQJ�ZDYHV�LQWR�VP DOO�

GURSOHWV�DQG�HQWUDLQP HQW�RI�WKHVH�GURSOHWV�LQWR�ZDWHU�FROXP Q�E\ �WXUEXOHQFH�� � ( )resQ �LV�IOX[ �RI�

RLO� E\ � UHVXUIDFLQJ� RI� GLVSHUVHG� GURSOHWV�� ( )evaQ LV� HYDSRUDWLRQ� UDWH�� 7KH� EHDFKLQJ� DQG�

UHIORDWLQJ�IURP �VKRUHOLQH�FDQ�DOVR�FKDQJH�RLO�P DVV�LQ�WKH�VOLFN���7KH�ULJKW�VLGH�RI�HTXDWLRQ��� ��
UHSUHVHQWV� HIIHFWV� RI� ZLQG� GULIW�� DGYHFWLRQ� E\ � FXUUHQWV�� JUDYLWDWLRQDO� VSUHDGLQJ� DQG� VXUIDFH�
WHQVLRQ��7KH�VHOI�VLP LODU�VROXWLRQV�� � � �� � ��IRU�YLVFRXV�JUDYLWDWLRQDO�DQG�VXUIDFH�WHQVLRQ�VWDJHV�
>� @�ZHUH�REWDLQHG�DV�SDUWLFXODU�FDVHV�LQ�>� @���
�
7KH�SVHXGR�FRP SRQHQW�P HWKRG�IRU�FDOFXODWLRQ�RI�HYDSRUDWLRQ�LV�FRQVLGHUHG�DV�P RVW�UHOLDEOH�
>� @�� +RZHYHU�� WKH� FRP SXWDWLRQDO� LQWHQVLW\ � DQG� KLJK� GDWD� UHTXLUHP HQWV� MXVWLILHV� VLP SOLVWLF�
HP SLULFDO�DSSURDFKHV����) ROORZLQJ��>� @�ZH�DVVXP H�WKDW�IUDFWLRQ�RI�RLO�HYDSRUDWHG�GHSHQGV�RQO\ �
RQ� WHP SHUDWXUH�� WLP H� DQG� RLO� SURSHUWLHV�� ( [ SHULP HQWV� >� @� VKRZ� WKDW� RLOV� ZLWK� JUHDWHU� WKDQ� � �



FRP SRQHQWV� HYDSRUDWLQJ� LQ� RQH� WLP H� FDQ� EH� P RGHOOHG� ZLWK� ORJDULWKP LF� HTXDWLRQ� DQG� WKRVH�
ZLWK�� �WR�� �FRP SRQHQWV��ZLWK�VTXDUH�URRW�HTXDWLRQ��7KH�YROXP H�IUDFWLRQ�HYDSRUDWHG� eF �LV�
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7R� VLP XODWH� SURFHVV� RI� HP XOVLILFDWLRQ� ZH� XVHG� WKH� P RGHO� >� @�� 7KH� FKDQJH� LQ� YLVFRVLW\ � DQG�
GHQVLW\ �FDXVHG�E\ �HYDSRUDWLRQ�DQG�HP XOVLILFDWLRQ�ZDV�FDOFXODWHG�DFFRUGLQJ�>� @��
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,Q� WKH� / DJUDQJLDQ� DSSURDFK� D� VXUIDFH� VOLFN� LV� P RGHOOHG� DV� D� FROOHFWLRQ� RI� pN � * DXVVLDQ�

�VSLOOHWV��� ZKLFK� KDYH� VSDWLDOO\ � GLVWULEXWHG� P DVV� >� @�� 7KH� FKDQJHV� LQ� P DVV� RI� DW� WKH� FRVW� RI�
FRQWLQXRXV� UHOHDVH�� HYDSRUDWLRQ� DQG� FKDQJH� RI� SKDVH� DUH� VLP XODWHG� E\ � ERUQ� RU� GHDWK� RI�
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ZLWK�RP LWWHG�LQHUWLDO�WHUP V�WKDW�DUH�QRW�LP SRUWDQW�LQ�VSUHDGLQJ�SURFHVV��H[ FHSW�YHU\ �HDUO\ �
VWDJH���) ROORZLQJ�>� @�WKH�JUDYLWDWLRQDO�IRUFLQJ�LQ�� � � �FDQ�EH�HIILFLHQWO\ �FDOFXODWHG�XVLQJ�
UHODWLRQV�
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�7KH�GHVFULEHG�DSSURDFK�DOORZV�WDNH�LQWR�DFFRXQW�LQWHUDFWLRQV�RI�VSLOOHWV�LQ�HQVHP EOH��6LP LODU�
P HWKRGV� ZHUH� GHYHORSHG� LQ� SODVP D� SK\ VLFV� IRU� GHVFULSWLRQ� RI� FROOLVLRQOHVV� V\ VWHP V� E\ �

“particle�particle” methods [10]. For practical calculations the relation /x y pS Nl l= = �ZDV�

XVHG��ZKHUH� S �LV�WKH�VOLFN�DUHD��7R�WDNH�LQWR�DFFRXQW�LQWHUDFWLRQV�RI�DOO�SDUWLFOHV�LQ�JHQHUDO�

FDVH�RQH�KDYH�WR�P DNH�WKH�QXP EHU�RI�FDOFXODWLRQ�RI�WKH� 2
pN �RUGHU���7R�VDYH�FDOFXODWLRQ�WLP H�

ZH�XVH�HIIHFWLYH�UDGLXV�RI�LQWHUDFWLRQ� 3D w= ��WKH�GLVWDQFH�ZKHUH�LQWHUDFWLRQ�IRUFHV�FDQ�EH�
QHJOHFWHG��7KH�SUREOHP �RI�SDUWLFOH�VRUWLQJ�E\ �WKH�FRRUGLQDWHV�WR�FDOFXODWH�WKH�GLVWDQFH�RQO\ �

IRU� D� VRP H� VXEVHW� nN � RI� JHQHUDO� QXP EHU� RI� SDUWLFOHV� pN � LV� DSSHDUHG�� ) ROORZLQJ� >� � @� ZH�

XVHG� FKDLQ� JULG� IRU� WKLV� SXUSRVH�� ,W� LV� P HVK� ZLWK� GLP HQVLRQV� x yM M´ �� ZKLFK� FRYHUV� WKH�

FDOFXODWLRQ�DUHD�ZLWK�WKH�FHOO�VL] H�HTXDO� D ��7KH�QRQ�] HUR�FRQWULEXWLRQ�LQ�WKH�IRUFH�DFWLQJ�WKH�
SDUWLFOH� ZLOO� KDYH� RQO\ � WKRVH� SDUWLFOHV�� ZKLFK� ORFDWHG� LQ� WKH� VDP H� JULG� FHOO� RU� LQ� WKH� QLQH�
DGMDFHQW�FHOOV��7R�GHWHUP LQH�ZKDW�SDUWLFOHV�DUH�LQ�DGMDFHQW�FHOOV�RQH�QHHGV�WR�FDUU\ �RXW�WKH�
SUHVRUWLQJ�RI�WKH�SDUWLFOHV��7R�NHHS�FDOFXODWLRQ�WLP H�GRZQ� ZH�XVH�WKH�DOJRULWKP �>� � @�WR�VRUW�
WKH�FRRUGLQDWH� DGGUHVVHV� LQVWHDG�WKH�FRRUGLQDWHV�� ,W� LV� UDWLRQDO� WR�WDNH� WKH� ODWHUDO� �P LQLP DO��

OHQJWK�RI�VOLFN�DV�WKH�HVWLP DWH�RI�OLQHDU�OHQJWK�VFDOH� L �XVLQJ�UHODWLRQ� min max/( )L S Lp= ��7KH�

URRW�P HDQ�VTXDUH� GLVWDQFH� EHWZHHQ� WKH� SDUWLFOHV� LV� WDNHQ� DV� maxL �� ,W� LV� HDV\ � WR� VKRZ� WKDW�

maxL � LV� WKH� HVWLP DWLRQ� IRU� WKH� P D[ LP XP � OHQJWK� VFDOH� IRU� WKH� HOOLSWLF� VOLFN� ZLWK� WKH� XQLIRUP �

SDUWLFOHV�GLVWULEXWLRQ���



,Q� ) LJXUH� � � WKH� H[ DP SOH� RI� VSUHDGLQJ� RI� RLO� VOLFN� IRU� FRQWLQXRXV� VSLOO� LQ� WKH� ILHOG� RI� ZDWHU�

YHORFLW\ � (0.3;0.3)wu =
G

�P �V��6SLOO��UDWH�ZDV� � � �� � �P
�

�V�� ) LJXUH�VKRZV�WKDW�DW�P RGHUDWH�ZDWHU�

YHORFLW\ �WKH�GLIIHUHQW�P HFKDQLVP �RI�VOLFN�VSUHDGLQJ���DGYHFWLRQ��YLVFRXV�JUDYLWDWLRQDO��VXUIDFH�
WHQVLRQ��FDQ�EH�HTXDOO\ �LP SRUWDQW��: LWK�ODUJH�WLP H�DQG�VSDWLDO�VFDOH�WKH�KRUL] RQWDO�WXUEXOHQW�
GLIIXVLRQ�ZLOO�EH�HVVHQWLDO�IDFWRU���
�

7KH�ZDWHU�YHORFLW\ �
( )s
wu

G
�FDQ�EH�GHFRP SRVHG�RQ�GHWHUP LQLVWLF�DGYHFWLYH�FRP SRQHQW�

( )s
advu

G
DQG�

UDQGRP �FRP SRQHQW�
( )s
diffu

G
��ZKLFK�FDXVHG�E\ �KRUL] RQWDO�WXUEXOHQW�GLIIXVLRQ�

( ) ( ) ( )s s s
w adv diffu u u= +
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7KH� DGYHFWLYH� YHORFLW\ � LV� IRXQG� IURP � WKH� VROXWLRQ� RI� K\ GURG\ QDP LF� P RGHO� HTXDWLRQV� RU� VHW�
IURP �REVHUYDWLRQV��5 DQGRP �FRP SRQHQW�LV�VLP XODWHG�E\ �UDQGRP �ZDON�P HWKRG�

( )( )
6 /

s u
diff d Hu P K t= D

G
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ZKHUH� ( )u
dP � LV�WKH�XQLIRUP O\ �GLVWULEXWHG�LQ� [ ] [ ]1;1 1;1- ´ - �UDQGRP �YHFWRU�� HK �LV�WKH�LVRWURSLF�

WXUEXOHQW�FRHIILFLHQW��7KH�H[ SHULP HQWDO�UHODWLRQ���>� � @�
6 1.341.17 10H kK t-= × � � � � � �

ZKHUH� kt �LV�WKH�DJH�RI�VSLOOHW��0 D[ LP XP �YDOXH�RI� HK �VKRXOG�EH�HTXDO�WR�VXE�JULG�GLIIXVLRQ�

FRHIILFLHQW�LQ�WKH�K\ GURG\ QDP LF�P RGHO��
�
2 LO�LQ�Z DWHU�SKDVH���
,Q� VWRUP \ � FRQGLWLRQV� EUHDNLQJ� ZLQG� ZDYHV� FDXVH� RLO� GURSOHWV� HQWUDLQP HQW� LQWR� WKH� ZDWHU�
FROXP Q��7KHUHIRUH��LQ�VKDOORZ�ZDWHUV�WKH�JUHDW�DP RXQW�RI�RLO�FDQ�EH�GHSRVLWHG�RQ�WKH�ERWWRP ��
' LVSHUVLRQ� SURFHVVHV� DUH� JRYHUQHG� E\ � P HFKDQLFDO� IDFWRUV� VXFK� DV� EUHDNLQJ� ZDYHV� DQG�
WXUEXOHQW� P L[ LQJ� LQ� WKH� QHDU� VXUIDFH� OD\ HU�� 7KH\ � GHSHQG� RQ� WKH� SK\ VLFDO�FKHP LFDO� RLO�
SURSHUWLHV�� GHQVLW\ �� YLVFRVLW\ �� VXUIDFH� WHQVLRQ�� 7KH� RLO� GURSOHW� FRQFHQWUDWLRQ� LQ� ZDWHU� LV�
GHVFULEHG�E\ �HTXDWLRQ�
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ZKHUH� dC � � YROXP H� FRQFHQWUDWLRQ� RI� RLO� GURSOHWV� ZLWK� GLDP HWHUd �� ( , , )w wu u v w= ¢
G
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w dw w w= +¢ �� dw �LV�WKH�YHORFLW\ �RI�RLO�GURSOHW�GXH�WR�EXR\ DQF\ � IRUFH��7KH�P DVV�IOX[ �FDXVHG�

E\ �EUHDNXS�WKH�VXUIDFH�VOLFN�E\ �EUHDNLQJ�ZDYHV� ( )dis
dQ �LV�DVVXP HG�WR�EH�XQLIRUP O\ �GLVWULEXWHG�

RYHU�WKH�ZDYH�P L[ LQJ�GHSWK 1.5s sZ H» ��ZKHUH� sH �LV�WKH�VLJQLILFDQW�ZDYH�KHLJKW�>� � @��7KH�IOX[ �

RI�GURSOHWV�RI�GLDP HWHU� d �LV�HVWLP DWHG�DFFRUGLQJ�>� � @�
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ZKHUH� ( )C o �� �LV�WKH�HP SLULFDO�FRQVWDQW��GHSHQGHQW�RQ�WKH�RLO�SURSHUWLHV�� baD � �GLVVLSDWHG�

EUHDNLQJ�ZDYH�HQHUJ\ �SHU�XQLW�VXUIDFH�DUHD�
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ZKHUH� rmsH �LV�U�P �V��YDOXH�RI�WKH�ZDYH�KHLJKW�� 0.7rms sH H» �� wcF �LV�IUDFWLRQ�RI�VHD�VXUIDFH�KLW�

by breaking waves (‘white caps’) per unit time�
( ) /iwc wbF c W W T= - �� � � � � �

ZKHUH� iW �LQLWLDWLRQ�RI�EUHDNLQJ�ZLQG�VSHHG�� 5» P �V��� wT �� �ZDYH�SHULRG�� bc �LV�FRQVWDQW�

� 0.032» V�P ���7KH�WRWDO�RLO�GURSOHW�IOX[ �DQG�WRWDO�RLO�FRQFHQWUDWLRQ�DUH�FDOFXODWHG�DV�
max max

min min
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mind �� maxd ���DUH�WKH�P LQLP XP �DQG�P D[ LP XP �RLO�GURSOHW�GLDP HWHUV�UHVSHFWLYHO\ ��$FFRUGLQJ�WR�

H[ SHULP HQWV��>� � @�� min 5d mm» ��) RU� maxd ZH�XVH�UHODWLRQ�>� � @�
3/5 2/5

max 0.363( / )wd s r e-= �� � � � � �

ZKHUH� e �LV�WKH�GLVVLSDWLRQ�UDWH�RI�WXUEXOHQFH�HQHUJ\ ��7KH��
max

min

( ) (0)
d

res
d d

d

Q u C dd= ò �
�

� � � � �

�
ZKHUH� (0)dC �LV�VXUIDFH�YROXP H�FRQFHQWUDWLRQ�RI�SDUWLFOHV�ZLWK�VL] H� d ��7KH�� ' �HTXDWLRQ��� � � �

LV� LQWHJUDWHG� XVLQJ� / DJUDQJLDQ� DSSURDFK�� 7KH� ZDWHU� YHORFLWLHV� , ,w w wu v w � DUH� GHFRP SRVHG�

RQ� GHWHUP LQLVWLF� DGYHFWLYH� FRP SRQHQWV� DQG� UDQGRP � FRP SRQHQWV�� ZKLFK� FDXVHG� E\ � YHUWLFDO�
DQG� KRUL] RQWDO� WXUEXOHQW� GLIIXVLRQ�� 5 DQGRP � FRP SRQHQWV� DUH� VLP XODWHG� E\ � UDQGRP � ZDON�
P HWKRG��7KH�FRHIILFLHQW�RI�YHUWLFDO�GLIIXVLRQ�LV�FDOFXODWHG�LQ�WWH�K\ GURG\ QDP LFV�P RGHO�ZKHUHDV�
KRUL] RQWDO�GLIIXVLRQ�LV�VLP LODU��� � � ��
�
2 LO�RQ�VHGLP HQW�SKDVH�
7KH�VFDYHQJLQJ�RI�GLVSHUVHG�RLO�IURP �ZDWHU�E\ �DGKHVLRQ�WR�WKH�VHGLP HQW�DQG�SDUWLFXODWH�
P DWWHU��630 ��LV�SDUDP HWHUL] HG�ZLWK�XVH�P RGHO�>� � @��7KH�VHGLP HQWDWLRQ�UDWH�LV�
�

( ) 1/21.3 [ / ] ,sed
d w dQ C Sa e n= - � � � � � �

ZKHUH�a �LV�D�VWLFNLQJ�FRHIILFLHQW�� S �LV�YROXP H�VXVSHQGHG�VHGLP HQW�FRQFHQWUDWLRQ���
�
2 LO�RQ�ERWWRP �SKDVH�
7KH�IOX[ �RI�RLO�LQ�WKH�ERWWRP �LQFOXGH�IOX[ �E\ �VFDYHQJLQJ�RI�RLO�E\ ��630 �� � � � �DQG�GLUHFW�VWLFNLQJ�
WR�WKH�ERWWRP ��WKDW�LV�SDUDP HWHUL] HG�E\ �HP SLULFDO�UHODWLRQV��
�
2 LO�RQ�VKRUH�SKDVH��
) ROORZLQJ�>� @�ZH�UHSUHVHQW�WKH�VKRUHOLQH�DV�WKH�VHTXHQFH�RI�VWUDLJKW�OLQH�VHJP HQWV�ZLWK�VKRUH�
W\ SH� DWWULEXWHV�� H[ SRVHG� KHDGODQGV�� VDQG� EHDFKHV� DQG� VKHOWHUHG� P DUVKHV�� ( DFK� SDUWLFOH�
moves until it ‘crosses’ one RI� WKH� VKRUHOLQH� VHJP HQWV�� $IWHU� SDUWLFOH� KDV� EHHQ� EHDFKHG� LW�
P D\ � UHP DLQ� RQ�WKH�VKRUH� RU� UHIORDW� DIWHU� D� VSHFLILHG�WLP H�GHSHQGLQJ� RQ�WKH� VKRUHOLQH� W\ SH��
7KH�UHIORDWLQJ�DOJRULWKP �LV�EDVHG�RQ�WKH�VSHFLILHG�KDOI�WLP H�RI�WKH�RLO�WR�GHWHUP LQH�WKH�WLP H�RI�



SDUWLFOH� UHP DLQLQJ� DW� WKH� VKRUH� >� � @�� 7KH� QXP EHU� RI� SDUWLFOHV� DW� WLP H� t t+ D � GHQRWHG� DV�
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�ZKHUH�t �LV�WKH�KDOI�OLIH��L�H��DW�WKH�WLP H�t KDOI�RI�SDUWLFOHV�UHIORDWLQJ��6R��WKH�QXP EHU�RI�
SDUWLFOHV�ZKLFK�KDYH�WR�EH�UHIORDW�GXULQJ�RQH�WLP H�VWHS�FDQ�EH�FDOFXODWHG�DV�
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7R�VHOHFW�ZKLFK�SDUWLFOH�KDV�WR�UHIORDW�ZH�DOORZ�WKHP �WR�UHIORDW�LQ�WKH�VDP H�RUGHU�LQ�ZKLFK�
WKH\ �DUULYHG��) RU�GLIIHUHQW�W\ SHV�RI�VKRUH�ZH�XVHG�WKH�QH[ W�YDOXHV�IRU�RLO�KDOI�WLP H���) RU�

H[ SRVHG�KHDGODQG��VDQG�EHDFK�DQG�VKHOWHUHG�P DUVK� 1  hour; 1day; 1yeart = ��UHVSHFWLYHO\ ��

�

� ��7KH�Z HDWKHU�DQG�VHD�VWDWH�P RGHOV�
�

7KH�Z HDWKHU�IRUHFDVW�P RGHO����
7KH� OLP LWHG� DUHD� P RGHO� 0 0 � � 9�� � LV� D� FRUH� RI� WKH� ZHDWKHU� IRUHFDVWLQJ� V\ VWHP � WKDW� ZDV�
GHYHORSHG� E\ � ,0 0 63� DQG� 8 &( : 3� ZLWK� VXSSRUW� 8 NUDLQLDQ� + \ GURP HWHRURORJLFDO� 6HUYLFH� WR�
SURGXFH�WKH�RSHUDWLRQDO�IRUHFDVWV�IRU�WKH�8 NUDLQH��7KH�) LIWK�* HQHUDWLRQ�1 &$5 � ��3HQQ�6WDWH�
0 HVRVFDOH� 0 RGHO� 0 0 � � >� � @� LV� QRQK\ GURVWDWLF� P RGHO� WKDW� FRQWDLQV� FDSDELOLWLHV� RI� P XOWLSOH�
QHVWLQJ�� IRXU�GLP HQVLRQDO� DVVLP LODWLRQ� DQG� VHW� RI� SDUDP HWHUL] DWLRQV� RI� WKH� P LFURSK\ VLFDO�
ILHOGV� DQG� SODQHWDU\ � ERXQGDU\ � OD\ HU�� � 7KH� IRUHFDVWLQJ� V\ VWHP � LQFOXGHV� SUHSURFHVVRU�� 0 0 � �
P RGHO�DQG�SRVWSURFHVVRU��3UHSURFHVVRU�UHWULHYHV�HYHU\ �� � �KU�* 5 ,%�EXOOHWLQV�IURP �' : ' �ZLWK�
DQDO\ VHV� DQG� JOREDO� P RGHO� IRUHFDVWV� ZKLFK� FRQWDLQ� KRUL] RQWDO� ZLQGV�� WHP SHUDWXUH��
JHRSRWHQWLDO� DQG� P RLVWXUH� RQ� � � � OHYHOV�� 7KHVH� ILHOGV� DUH� QHFHVVDU\ � WR� SURYLGH� LQLWLDO� DQG�
ERXQGDU\ �FRQGLWLRQV�RQ�WKH�FRDUVH�JULG���7KH�FRDUVH�JULG�� � [ � � �ZLWK�� � �NP �P HVK�FRYHU�ODUJH�
DUHD�LQ�WKH�( DVWHUQ�( XURSH��7KH�ODWHUDO�FRQGLWLRQV�DUH�XSGDWHG�HYHU\ �� � �KU��7KH�QHVWHG�JULG�
� � [ � � � ZLWK� � � � NP � DOORZV� UHILQH� IRUHFDVW� RQ� WKH� 8 NUDLQH� WHUULWRU\ � DQG� WKH� %ODFN� 6HD�� 7KH�
P RGHO�XVHV�� � �VLJP D�OHYHOV�LQ�YHUWLFDO��$�SODQHWDU\ �ERXQGDU\ �OD\ HU�ZDV�SDUDP HWHUL] HG�XVLQJ�
VFKHP H�1 &( 3 �0 5 ) �P RGHO��7KH�URXJKQHVV�KHLJKW�RYHU�VHD�ZDV�SDUDP HWHUL] HG�E\ �P RGLILHG�
&KDUQRFN�UHODWLRQ��7KH� IRUHFDVWV�DW� � � �KU�DUH�UXQ�RQFH�D�GD\ �DW� � � 8 7&�� � 7KH�SURFHGXUH�RI�
LQLWLDOL] DWLRQ�LQFOXGHV�DVVLP LODWLRQ�RI�GDWD�UHWULHYHG�IURP �P HWHRURORJLFDO�VWDWLRQV�EXOOHWLQV�DQG�
VRXQGLQJV�RQ�FRDUVH�JULG�DUHD�LQ�–� � � � �KU�RI�P RGHO�WLP H��7KH�%ODFN�6HD�VXUIDFH�WHP SHUDWXUH�
IRU�WKH�IRUHFDVW�SHULRG�LV�WDNHQ�IURP � ' : ' �DQDO\ VLV��7KH�DYDLODEOH�GDWD�IURP �P HWHRURORJLFDO�
EXOOHWLQV� DUH� DVVLP LODWHG� LQ� WKH� � � � � KU� RI�P RGHO� WLP H�� 3RVWSURFHVVRU� SURGXFHV� IRUHFDVWV� IRU�
VSHFLILF� ORFDWLRQV�� � ' � ILHOG� RI� P HWHRURORJLFDO� SDUDP HWHUV� IRU� RWKHU� P RGHOV� DQG� YLVXDOL] HV�
UHVXOWV�DW�WKH�ZHE�SDJH�KWWS���ZZZ�P HWHRSURJ�FRP �XD�������
�

7KH�Z DYH�P RGHO���
7KH� ZDYH� P RGHO� : $9( : $7&+ � ,,,� 9 �� � �� � � �: : � �� LV� D� WKLUG� JHQHUDWLRQ� ZDYH� P RGHO�
GHYHORSHG�DW�1 2 $$�1 &( 3�>� � @��7KH�JRYHUQLQJ�HTXDWLRQV�LQFOXGH�UHIUDFWLRQ�DQG�VWUDLQLQJ�RI�
WKH�ZDYH�ILHOG�GXH�WR�WHP SRUDO�DQG�VSDWLDO�YDULDWLRQV�RI�WKH�P HDQ�ZDWHU�GHSWK�DQG�WKH�P HDQ�
FXUUHQW� DQG� ZDYH� JURZWK� DQG� GHFD\ � GXH� WR� WKH� DFWLRQV� RI� ZLQG�� QRQOLQHDU� UHVRQDQW�
LQWHUDFWLRQV��GLVVLSDWLRQ� �CZKLWHFDSSLQJ
��DQG�ERWWRP �IULFWLRQ��7KH�SURJQRVWLF�SDUDP HWHUV�DUH�



JULGGHG� ILHOGV� RI� � � � P HDQ� ZDYH� SDUDP HWHUV� VXFK� DV� WKH� VLJQLILFDQW� ZDYH� KHLJKW� DQG�
GLUHFWLRQV� DQG� VLJQLILFDQW� ZDYH� SHULRG�� : : � � LV� IRUFHG� E\ � 0 0 � � � � � P � KHLJKW� ZLQGV�� 7KH�
VXUIDFH�FXUUHQWV�DUH�VXSSOLHG�E\ �FLUFXODWLRQ�P RGHO���7KH�ZLQG�DQG�FXUUHQWV�WLP H�VWHS�LV�� �KU��
7KH� P RGHO� XVHV� WKH� IRUHFDVWV� ZDYH� VSHFWUD� DV� WKH� LQLWLDO� FRQGLWLRQV� IRU� WKH� QH[ W� UXQ�� 7KH�

ILQHVW�VSDWLDO�UHVROXWLRQ�LV� 6¢��QXP EHU�RI�QRGHV�LV�160 60´ ��QXP EHU�RI�VSHFWUDO�FRP SRQHQWV�LV�
� � �DQG�GLUHFWLRQV�LV�� � ��7LP HVWHS�LV�� � � �V��
�
�

�
) LJXUH�� �: LQG�ILHOG�DW�� � �P �SUHGLFWHG�E\ �0 0 � �DW�� � �� � �8 7&�� � �
6HSWHP EHU�� � � � �

�
) LJXUH�� �6XUIDFH�FXUUHQWV�SUHGLFWHG�E\ �FLUFXODWLRQ�P RGHO�DW�� � �� � �
8 7&�� � �6HSWHP EHU�� � � � �

�
) LJXUH�� �: DYH�GLUHFWLRQ�DQG�KHLJKW�SUHGLFWHG�: : � �DW�� � �� � �

8 7&�� � �6HSWHP EHU�� � � � �
�
�



�
) LJXUH�� ��� ' �UHSUHVHQWDWLRQ�E\ �LQWHUDFWLYH�YLVXDOLVDWLRQ�WRRO�RI�WKH�RLO�VSLOO�DW�WKH�
1 RUWK�ZHVWHUQ�VKHOI�RI�WKH�%ODFN�6HD��7KH�VXUIDFH�VOLFN��RLO�LQ�ZDWHU�DQG�RLO�RQ�
ERWWRP �FRQFHQWUDWLRQV�DUH�VKRZQ�E\ �EODFN��OLJKW�JUH\ �DQG�GDUN�JUH\ ��UHVSHFWLYHO\ ���

�
7KH�FLUFXODWLRQ�P RGHO��
7KH�K\ GURG\ QDP LFV�FRGH�7+5 ( ( 72 ; ��EDVHG�RQ�WKH�WKUHH�GLP HQVLRQDO��WLP H�GHSHQGHQW��IUHH�
VXUIDFH��SULP LWLYH�HTXDWLRQ�P RGHO�>� � @��7KH�SURJQRVWLF�YDULDEOHV�RI�WKH�K\ GURG\ QDP LFV�FRGH�
DUH�WKH�WKUHH�FRP SRQHQWV�RI�WKH�YHORFLW\ ��WHP SHUDWXUH��VDOLQLW\ �DQG�VXUIDFH�HOHYDWLRQ��7KH�s ��
FRRUGLQDWH� V\ VWHP �� P RGH� VSOLWWLQJ� DQG� WZR�HTXDWLRQ� P RGHO� RI� WXUEXOHQFH� DUH� LP SRUWDQW�
IHDWXUHV� RI� P RGHO�� 7KH� P RGHO� RI� WXUEXOHQFH� SURYLGHV� QHFHVVDU\ � YDOXHV� RI� YHUWLFDO� GLIIXVLRQ�
FRHIILFLHQW�DQG�GLVVLSDWLRQ��0 RGHO�DOVR�GHVFULEHV�ZDYH�EUHDNLQJ�HIIHFWV�RQ�WKH�VXUIDFH�OD\ HU�
>� � @���6XVSHQGHG�VHGLP HQW�WUDQVSRUW�LV�DQ�RSWLRQ�RI�P RGHO�>� � @��7KH�VXUIDFH�ZLQG�VWUHVV�DQG�
KHDW�IOX[ HV�DUH�SURYLGHG�E\ �0 0 � �ZLWK�WLP H�VWHS�� �KU��7KH�UHVROXWLRQ�LV�� � [ � � �NP ��QXP EHU�RI�
QRGHV�LV�137 68´ �DQG�QXP EHU�RI�s ���OD\ HUV�LV�� � ��,QWHUQDO�P RGH�WLP H�VWHS�LV�� � � � �V�
�

� ��0 RGHOOLQJ�V\ VWHP �GHVLJQ�
�
�
7KH� 2 ,/ 72 ; � P RGHO� LQFOXGHV� FRP SXWDWLRQDO� HQJLQH�� RLO� GDWDEDVH� � DQG� * UDSKLFDO� 8 VHU�
,QWHUIDFH�� 7KH� GDWDEDVH� RI� WKH� P RGHO� LQFOXGHV� LQIRUP DWLRQ� DERXW� D� KXQGUHG� W\ SHV� RI� RLO�
WUDQVSRUWHG�LQ�WKH�%ODFN�6HD�DQG�WKHLU�P DLQ�SK\ VLFDO�FKHP LFDO�SURSHUWLHV��7RJHWKHU�ZLWK�WKH�
VWDQGDUG� � ' �YLVXDOL] DWLRQ�WRROV�� WKH� RLO� VSLOO� HYROXWLRQ� ZDV� WUDFNHG� E\ � DQ�LQWHUDFWLYH� � ' �WRRO�
EDVHG� RQ� 2 SHQ* / � WHFKQRORJ\ �� 7KH� IRUHFDVWLQJ� V\ VWHP � ZDV� GHVLJQHG� WR� RSHUDWH� DW� RQ� D�
/ LQX[ �EDVHG�3&�QHWZRUN��2 ,/ 72 ; �FDQ�EH�XVHG�LQ�GLIIHUHQW�FRQILJXUDWLRQV���

� �� 6WDQG�DORQH� YHUVLRQ� ZLWK� HQYLURQP HQW� SDUDP HWHUV� � VSHFLILHG� E\ � XVHU�� LQFOXGLQJ�
FOLP DWH�GDWDEDVH��

� �� 9HUVLRQ�� OLQNHG� ZLWK� FLUFXODWLRQ� P RGHO� ZLWK� P HWHRURORJLFDO� SDUDP HWHUV� VSHFLILHG� E\ �
XVHU��

� �� ) XOO�VFDOH�YHUVLRQ�OLQNHG�ZLWK�ZHDWKHU��ZDYH�DQG�FLUFXODWLRQ�P RGHOV��
��

� �$ SSOLFDWLRQV�
�
7KH� P RGHOOLQJ� V\ VWHP � ZDV� DGDSWHG� WR� WKH� %ODFN� 6HD� EDVLQ�� 7KH� UHVXOWV� RI� VLP XODWLRQV� RI�
VXUIDFH�ZLQG��ZDYHV�DQG�FXUUHQWV�LQ�WKH�%ODFN�6HD�DV�REWDLQHG�E\ �WKH�FRXSOHG�P RGHO�V\ VWHP �
DUH�VKRZQ�LQ�) LJXUHV�� � � ��7KH�K\ SRWKHWLFDO�VFHQDULR�RI�DQ�RLO�VSLOO�RI�� � �� � � �WRQV�RI�FUXGH�RLO�
RQ�WKH�QRUWK�ZHVWHUQ�VKHOI�RI�WKH�%ODFN�6HD�RQ�� � �6HSWHP EHU�� � � � �DW�D�GLVWDQFH�RI�DURXQG�
� � �NP �IURP �WKH�2 GHVVD�RLO�WHUP LQDO�ZDV�FRQVLGHUHG��7KH�RLO�VOLFN�GULIWHG�E\ �ZLQG�DQG�VXUIDFH�



FXUUHQW�WR�D�VKDOORZ�DUHD��7KH�RLO�IURP �VOLFN�ZDV�HQWUDLQHG�E\ �EUHDNLQJ�ZDYHV�ZLWK�UDWH�WKDW�
GHSHQGV� RQ� FDOFXODWHG� E\ � : : � � ZDYH� SDUDP HWHUV�� 7KH� RLO� GURSOHWV� ZHUH� WUDQVSRUWHG� E\ �
FXUUHQWV�� GLVSHUVHG� E\ � WXUEXOHQFH�� LQWHUDFWHG� ZLWK� VXVSHQGHG� DQG� ERWWRP � VHGLP HQWV� DQG�
JUDGXDOO\ � UHVXUIDFHG� E\ � EXR\ DQF\ � IRUFHV�� IRUP LQJ� WKLQ� ILOP  (“sheen”) behind the thick slick 
DUHD�� 7KH� UHVXOWLQJ� � ' � GLVWULEXWLRQ� RI� RLO� FRQFHQWUDWLRQ� LQ� WKUHH� SKDVHV� �VXUIDFH�� ZDWHU� DQG�
ERWWRP ��LV�VKRZQ�LQ�) LJXUH�� ���

�
�

�
) LJXUH� � �� � ' �UHSUHVHQWDWLRQ�RI�WKH�RLO�VSLOO�LQ�WKH� ' QLSUR�%RRJ� � ( VWXDU\ �RQ�WKH�
2 ,/ 72 ; �LQWHUIDFH���

�

�
) LJXUH�� ���2 LO�VSLOO�P DVV��EXGJHW�RQ�WKH�2 ,/ 72 ; ��LQWHUIDFH��



�
�
$QRWKHU�H[ DP SOH�LV�WKH�' QLSUR�%RRJ�( VWXDU\ �WKDW�LV�WKH�ODUJHVW�LQ�WKH�%ODFN�6HD�EDVLQ��7ZR��
ODUJH�FLWLHV��0 \ NROD\ LY�DQG�. KHUVRQ��ZLWK�SRUWV�DQG�UHILQHULHV�DUH�ORFDWHG�LQ�WKH�HVWXDU\ �DQG�LW�
LV� RQ� WKH� ZD\ � WR� WKH� ' QLSUR� EDVLQ� V\ VWHP �� ) URP � � � � � � WKH� YHUVLRQ� RI� WKH� V\ VWHP � ZKLFK�
FRQWDLQV�WKH�FLUFXODWLRQ�P RGHO�DQG�2 ,/ 72 ; �FRP SOHP HQWHG�E\ �D�GDWDEDVH�DQG�* 8 ,�ZLOO�EH�LQ�
XVH� E\ � 6WDWH� ' HSDUWP HQWV� RQ� WKH� ( QYLURQP HQW� DQG� 1 DWXUDO� 5 HVRXUFHV� LQ� WKH� . KHUVRQ� DQG�
0 \ NROD\ LY�� ) LJXUH� � � VKRZV� * 8 ,� UHSUHVHQWDWLRQ� RI� WKH� VLP XODWHG� VSLOO� LQ� WKH� ' QLSUR�%RRJ�
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